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An analysis of the Schwinger’s action principle in Lagrangian quantum field theory is
presented. A solution of a problem contained in it is proposed via a suitable definition of a
derivative with respect to operator variables. This results in a preservation of Euler-Lagrange
equations and a change in the operator structure of conserved quantities. Besides, it entails
certain relation between the field operators and their variations (which is identically valid for
some fields, e.g. for the free ones). The general theory is illustrated on a number of particular
examples.
1. Introduction
The paper deals with the following problems in Lagrangian quantum field theory: meaning
of derivatives with respect to operator argument, order of the operators in the structure of
conserved quantities, and commutation of the variations of the field operators in Schwinger’s
action principle. These problems are reviewed, analyzed and their solution is proposed.
The first two of the above problems are discussed in Sect. 2. Sect. 3 reviews the
Schwinger’s action principle and some its consequences. Special attention is paid to the
problem with the commutativity of the fields’ variations and the field operators or/and their
partial derivatives. It has been notice at first by Schwinger in his original work [?] but later,
in serious books like [?], it has been forgotten. A suitable solution of that problem is pro-
posed in Sect. ?? by giving a rigorous meaning of a derivative of operator-valued function of
operator arguments with respect to such an argument. It entails preservation of (operator)
Euler-Lagrange equations for the field operators and a unique definition of the operators of
conserved quantities. A new moment is that the variations of the field operators cannot
be completely arbitrary in the general case (e.g. for some interacting fields) as they should
satisfy some conditions derived in this work. Sect ?? illustrates the general theory of Sect. ??
with particular examples (free neutral or charged scalar field, (self-)interacting scalar fields,
free spinor field, and system of fields described via quadratic Lagrangian). It is presented
an example of a Lagrangian, describing free (or with some self-interaction) spinor field, for
which the (classical operator) Euler-Lagrange equations do not exist in a sense that they are
identities, like 0 = 0. Regardless of that fact, this Lagrangian entails completely reasonable
field equations. The main results of the work are summarized in Sect. ??.
In the Lagrangians we consider is not supposed normal ordering (of the products of
creation and annihilation operators). Besides, no (anti)commutation (or paracommutation)
relations are supposed to be fulfilled. But the results obtained are, of course, valid and if
normal ordering of products is used some kind of (anti)commutation (or paracommutation)
relations are taken into account.
2. Problems with the equations of motion and
with conserved quantities
Suppose a system of classical fields ϕi(x), i = 1, . . . , n 2 N, over the Minkowski spacetime M ,
x 2 M , is described via a Lagrangian L depending on them and their first partial derivatives
∂µϕi(x) =
∂ϕi(x)
∂xµ , fxµg being the (local) coordinates of x 2 M , i.e. L = L(ϕj(x), ∂νϕi(x)).
Here and henceforth the Greek indices µ, ν, . . . run from 0 to dimM − 1 = 3 and the Latin
indices i, j, . . . run from 1 to some integer n. The equations of motion for ϕi(x), known as









and are derived from the variational principle of stationary action, known as the action
principle (see, e.g, [?, x 1], [?, x 67], [?, pp. 19–20]).






1 In this paper the Einstein’s summation convention over indices appearing twice on different levels is
assumed over the whole range of their values.




ϕi(x) 7! ϕωi (xω) ϕωi (xω)jω=0 = ϕi(x)






















In particular, the invariance with respect to spacetime translations, i.e. x 7! xb = x+ b, with
b 2 M , and ϕi(x) 7! ϕi(x), leads to the conservation of the energy-momentum tensor :
T µν(x) := piiµ(x)∂νϕi(x)− L(x)ηµν (2.3)
∂νT
µν(x) = 0, (2.4)
where ηµν is the Lorentz metric tensor of M with signature (+ − −−) and the spacetime
indices are raised (lowered) by ηµν (by the inverse tensor ηµν of ηµν). Analogously, the




where q = const, λ is a real parameter, ~ is the Planck’s constant (divided by 2pi), and c is







∂µJµ = 0 (2.6)
where ε(ϕi) = 0 if ϕi(x) is real, ε(ϕi) = +1 if ϕi(x) is complex, and ε(ϕj) = −1 if ϕj(x) is
the complex conjugate to ϕi(x).2
Below we shall be interested in the quantum case, when the fields ϕi(x) become linear
operator depending on x 2 M and acting on system’s Hilbert space F of states. The above
scheme is repeated mutatis mutandis in Heisenberg picture of motion in (canonical) quantum
field theory, when the fields ϕi(x) are spacetime dependent and the state vectors are spacetime
independent. Details of this procedure will be given in Sect. 3 below. However, there are
three related problems which should find suitable answers:
1. How the quantum Lagrangian L should be defined? For example, if a quantum system
has a classical analogue, can we simply replace in the classical Lagrangian the classical fields
with the corresponding quantum operators?




e.g., the Euler-Lagrange equations, when ϕi(x) are operator-valued, not classical, functions?
3. If the previous two problems are satisfactory (well) and uniquely solved, how should
be defined the conserved quantities (2) in the quantum case? For instance, can we write the
energy-momentum operator as
T µν(x) := piiµ(x)  (∂νϕi(x))− L(x)ηµν? (2.7)
Here  is the sign of mappings/operators composition/product and all quantities are the
operator analogues of the corresponding classical ones.
2 It is a convention whether to a complex field or to its complex conjugate to be assigned the value +1 of
the function ε.
Partially the nature of these problems is in the fact that, generally, the field operators
ϕi(x) do not commute. So, the order in which the field operators or functions of them appear
in some composition (product) is significant, contrary to the classical case.
The solution of the first problem for the known fields, free or not, has been found a
long time ago [?, ?, ?]. The basic requirements for L being that it should be a Hermitian
operator which is invariant under Lorentz/Poincare´ transformations and other symmetries
of the system, if any. Besides, if a quantum system has a classical analogue, the classical
Lagrangian should be equal to the quantum one when in the latter the field operators are
replaced with the corresponding classical fields.
A posteriori there can be different solutions of the second problem. However, a priori
there is a simple rule silently followed in the literature [?,?]. According to it, one replaces
in the quantum Lagrangian operator the field operators ϕi(x) (and their partial derivatives)
with classical fields ϕcli (x) and the composition of mappings sign with multiplication sign in
such a way that the order of the (quantum) fields to be preserved. Then, from the so-obtained














fields ϕcli (x) with the field operators ϕi(x) and the multiplication of fields with compositions
of the corresponding operators. In short, all this means that we differentiate a quantum
Lagrangian with respect to its operator arguments by the same rules as in the classical case
with the only addition that one should always retain the initial order of all operators [?, x 2].
Following this procedure, one should keep in mind that a change of the order of the operators
in the initial Lagrangian may result in different derivatives of it even if the Lagrangian is not
changed as an operator.3
When one analyzes the third of the afore presented problems, there are two guiding
principles: the conserved operators θµ(a) must be Hermitian and, if a system has a classical
analogue, these operators should reduce to the corresponding classical conserved fields (2)
when the field operators are replace with the corresponding to them classical fields and the
composition of operators is replaced by the multiplication of (classical) fields. However, these
guidelines are not enough for the explicit determination of the conserved operators and one
should ‘guess’ their functional form; the result can be justified or rejected a posteriori by
examining the consequences of the model hypothesis.4
For instance, the straightforward transferring of (2.3) into the quantum region results
in (2.7) but this operator is, generally non-Hermitian. As a working hypothesis, one may





piiµ(x)  (∂νϕi(x)) + (∂νϕ†i (x))  (piiµ(x))†
}− ηµνL(x) (2.8)
where the dagger, “y”, denotes Hermitian conjugation of operators. As L† = L, the last
expression for energy-momentum operator satisfies the above-written requirements.






ε(ϕi)piiµ  ϕi (2.9)




(BA) = B. So, if A and B anticommute,
i.e. A  B = −B  A, we have ∂
∂A
(A  B) = B and ∂
∂A
(−B  A) = −B. Consequently, the derivative relative
to non-commuting operator argument has a ‘memory’ for the place (left or right in our example) where the
arguments have been situated before the differentiation. This phenomenon will find natural explanation in
Sect. ??; in particular, see remark ??.
4 Since in quantum field theory are important the constant operators C(a) :=
R
σ
θµ(a) dσµ, the integration
being along some 3-dimensional spacelike surface σ, sometimes different definitions of θµ(a) may result in
identical operators C(a), even if different Lagrangians are employed.
but, generally, this expression is not Hermitian, J†µ 6= Jµ. As a working hypothesis, a






ε(ϕi)fpiiµ  ϕi − ϕ†i  (piiµ)†g. (2.10)
A partial discussion of the above problems with (energy-)momentum and (current or)
charge operator can be found in [?].
3. Schwinger’s action principle (review and problems)
The particular variant of the variation action principle, adapted to the needs of quantum
field theory, is known as the Schwinger’s action principle. Its description can be found, for
instance, in [?, sec. 2.1] or in the original paper [?] (see also [?]). The purpose of the present
section is a concise summary of this method, some its consequences and problems it contains.
For details, the reader is referred to [?, sec. 2.1], from where the below-presented resume´ of
Schwinger’s action principle is extracted.
Let there be given a system of quantum fields represented via linear field operators ϕi(x).
Let L = L(x) = L(ϕi(x), ∂µϕi(x)) be the Lagrangian (density) operator of the system. It is
supposed to depend only on the field operators and their first partial derivatives. Let σ1 and
σ2 be two 3-dimensional spacelike surfaces and R be the 4-dimensional region (submanifold)












Consider the (infinitesimal) transformations
xµ 7! x′µ = xµ + δxµ (3.2a)
ϕi(x) 7! ϕ′i(x) + δ0ϕi(x) (3.2b)
as a result of a change of a spacetime point x and field operator ϕi(x) when a transition to
a new reference frame is made; in (3.2b) the symbol x in ϕi(x) refers to a point in the new
frame. If x 2 σ for some spacelike surface σ, it is supposed that the infinitesimal change
δ0ϕi(x) to be generated by some generator F [σ] which is operator-valued functional of σ, i.e.
δ0ϕi(x) = i~[F [σ], ϕi(x)] (3.3)
where [A,B]± := A B B  A for operators A and B.
The Schwinger’s action principle postulates that, if (3.2) induces the change W 7! W+δW
of the action integral (3.1), then the infinitesimal change δW of the action integral is a
difference of two surface integrals and
δW = F [σ2]− F [σ1]. (3.4)
To work out consequences of (3.4), we notice that the variation δW is due to independent
effects of the variations δ0ϕi(x) of the field operators and the change R 7! R′ of the integration
region as a result of the change (3.2a) of the points of its boundary. So, neglecting second
and higher order terms in the variations and applying (3.1), we can write
δ0L := L
(
ϕi(x) + δ0ϕi(x), ∂µϕi(x) + ∂µ(δ0ϕi(x))
− L(ϕi(x), ∂µϕi(x))
is the variation of the Lagrangian (operator). Expanding the first term in (3) into Taylor
series and neglecting second and higher order terms, we get













ϕi(x) + δ0ϕi(x), ∂µϕi(x) + ∂µ(δ0ϕi(x))
 − L(ϕi(x), ∂µϕi(x))isth
Here the derivatives are understood as described in Sect 2.
Remark 3.1. We have emphasized the last phrase because the transition from (3) to (3) is
generally incorrect and wrong, if ‘arbitrary’ variations δ0ϕi(x) are considered. This will be
explained at length in Sect. ??. At this point, we recall only the Schwinger’s remark [?, the
comments after eq. (2.17)] that the expression (3) for δ0L should be considered as symbolic
one because it must be taken into account the (anti)commutation properties of δ0ϕi(x). To
overcome this problem, he makes the hypothesis that these properties and the structure of
L should be such that terms with different positions of δ0ϕi(x) must lead to equal portions
in the variation δW . As we shall see in Sect. ??, this is a severe restriction which, generally,
cuts off part of the information, including the (anti)commutation properties of δ0ϕi(x), the
Schwinger’s action principle contains. The above problem, in other form, is mentions in [?,
p. 149] too.
Remark 3.2. Alternatively, one can put the variations in (3) to the left of the Lagrangian’s
derivatives. Such a modification does not change anything, except the order of some opera-
tors, in the following. This problem is partially mentioned in [?].
Substituting (3) into (3), noting that, by its definition, δ0(∂µϕi(x)) = ∂µ(δ0ϕi(x)) and



















 δ0ϕi(x) + Lδxµ
o
d4x . (3.5)
Introducing the local (functional) variation
δϕi(x) := ϕ′i(x
′)− ϕi(x) = δ0ϕi(x) + (∂νϕi(x))δxν , (3.6)
where x and x′ refer to the coordinates of one and the same geometric point with respect to
the ‘old’ and ‘new’ frames, applying the Stokes’ (Gauss’) theorem, and repeating the steps






























piiµ(x)  (∂νϕi(x))− δµν L(x)

δxνgdσµ. (3.8)
Here σ is a spacelike surface with surface element dσµ, the notation (2) has been used, and
δνµ is the (mixed) Kroneker δ-symbol, i.e. δνµ = 1 for µ = ν and δνµ = 0 for µ 6= ν.
